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1. INTRODUCTION 
The Lotka-Volterra equations [3] which describe the population 
dynamics of prey--predator species have been the subject of several recent 
papers. The general form of the equation which we considered here is 
here n, is prey population and n, is predator population with a,, h,, c, , N? 
and c2 > 0, assuming that the preys (but not predators) interfere with one 
another. 
Verma [4] has obtained exact solutions of the usual LotkaPVolterra 
equations 
6, =(a, -c,nz)n,, 
(1.2) 
ti2=(-u2+c2n,)n,, 
under the assumption a, = u2, Wilson [S] gave the form of exact solutions 
of (1.2) when a,, u2, c,, and L’? are functions of time with the assumption 
u,(r) = a,(t) and h,(t) = MI(t), where k is a constant. Burnside gave the 
form of exact solutions with a different assumption namely, 
(u,-u~)(.,(.z=~~zP,-~~,~z. 0.3) 
In the real world, the assumptions of a, = uI or t,he more complicated 
assumptions of (1.3) may not be satisfied. Thus it is of interest to determine 
exact or at least approximate analytical solutions of the general Lotka- 
Volterra equations without making any of the above mentioned 
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assumptions. In view of the nonlinear nature of the equations, it is unlikely 
that such exact solutions will be found. This paper develops an 
approximate analytical solution of general Lotka-Volterra equations using 
Laplace transforms and perturbation method and without any of the above 
mentioned assumptions. 
2. PERTURBATION METHOD 
The perturbation method (Cunningham [2]) has been used widely in 
nonlinear mechanics. The method can be applied to a pair of first order dif- 
ferential equations of the type 
With the initial conditions x(O) = p, and ~(0) = pz. Terms which give no 
difficulty in the equations (e.g., linear terms) are written in functionsf, and 
1. Terms which do give difficulty (e.g., nonlinear terms) are written in 
functions b, and d2. The parameter p, ideally a small parameter, is 
associated with 4, and &. The solution is found as a power series in ,M. 
This series will converge more rapidly if p is a small parameter. In practice, 
the parameter /1 is often introduced artificially. The series solution sought is 
of the form 
(2.2) 
The terms .x,,(t) and l’“(r) are called “generating solutions” and are the 
exact solutions of the linear equations 
(2.3) 
The terms .x](t), y,(t), x,(t), y2( t), etc., are called “correction terms.” An 
important feature of the perturbation method is that both generating and 
correction terms in the solutions are obtained by solving linear differential 
equations only. 
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3. APPLICATION TO GENERAI. LOTKA-VOI.TERRA EQUATIONS 
The Lotka Volterra equations (1.1) have the equilibrium point (or 
singular point) at 
(3.1) 
in addition to the trivial equilibrium point n, = 0, n, = 0. By defining the 
variables 
(3.2) 
We can obtain the differential equations in x, and x2 given below. The 
variables .Y, and x2 represent prey and predator population deviations from 
the equilibrium values given in Eq. (3.1), 
To apply the perturbation method, we introduce the parameter p into the 
nonlinear (product) terms in the above equations, 
(3.4) 
solutions sought in the form 
-u,(t)=.u,“(t)+~cx,,(t)+~~x,,(t)+ .“, 
.Y?(t)=-YZO(f)+~x*l(f)+~2X**(f)+ “.. 
(3.5) 
After the solutions are determined ~1 will be set equal to unity. By sub- 
stituting (3.5) into (3.4) and equating equal powers of p on both sides, we 
obtain 
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.a? bla2 cla2 IO = --x IO - - -Qo, 
c2 c2 
.f 
a,c,-h,a, 
20 = ,x,0, 
Cl 
.f 
hIa cla2 
II = --x,, -- 
c 2 c 
A-2, - (‘, .Y,o.x2” - h,xf,, 
2 
i 
a,c,-h,a, 
21 = 
(‘I 
x,, + C2X,“X20. 
(3.6) 
The initial conditions x,(O) = p,, x2(O) = p2 are completely applied to the 
generating solutions u,,(t) and .~~~(f). The differential equations for correc- 
tion terms then have zero initial conditions. The linear equations (3.6) are 
solved using the Laplace transformation to yield 
1 
-“dt) = (k, - k2) [(k, exp(k,f)-kzexp(k,r))po-(exp(k,t) 
-exp(kzf))P~,l, 
1 (3.8) 
.Yzo(r)= (k, -k2) CW, exp(k,r)-k2exp(k2t))p,-(~p, typ,,) 
x (exp(k, t) - exp(k2t))l, 
where 
k,=(-r+dm)/‘2, kZ=(-x-&=i$)/2 
hIa cIa2 r=- p=- and y = 
a,c,-h,a, 
L‘, ’ (‘2 (‘I 
with (k, -k,) #O, where p. and p, are initial conditions of -u,,,(O) and 
.Y~~(O), respectively. 
Having determined x,,(t) and .u,,(t), Eq. (3.7) are next solved for ,x,,(t) 
and am, to yield 
and 
x,,(t)=A, exp(k,t)+A,exp(k,r)+A,exp(2k,r) 
+A4exp(2k2t)+ A,exp[(k, +k,) t] (3.9) 
-~21(f) = B, exp(k, t) + B, exp(k,t) + B, exp(2k, t) 
+ B4 expW,t) + B, exp[(k, + k,) t], (3.10) 
586 MURTY AND RAO 
where A,, B, (i= 1, 2 ,..., 5) are constants given by 
1 
L 
I 
A,=(k,-k2)3 (2k,-k,) 
[(k,c,, l tk,/lc,) M-tk,h,Q) 
+; ((k,c, +/k,)N+k,h,R; + ((pc2+c,)L+h,P) , ‘2 1 
I 
A3= -(k,-k$(2k,-kJ 1(2c,+Bc>)L+2Ph,], 
I 
A4=(X, -k2J2 (2k2-k,) [(2c, + /k-J M + 2Qh,], 
I 
A’=(k, -k?)lk,k, 
[(k, +k,)(c,N+h,R)+@J, 
and 
I 
i 
I 
B’= -(k, -k,)-’ (2kz-k,) ’ ‘(k,~,+k,(scc.,-;‘~,))M-k,~~e) 
+; ‘(k,c, ,\ __+rc_ .,-;‘c,)N+y~R)+(~~+rc,-;‘c,)M-y/JQ , 1 
“=(k, -k# (2k, -k2) [(2c, + a((‘2 - yc,) L-y/P], 
1 
B4=(k, -k2)’ (2k,-k,) [(2 + ~2 - yc, ) A4 - y/JQ], 
1 
B5= -(k,-kJ”k,k, 
[c,(k,+kz)N+(uc,-;‘c,)N-~IBR], 
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and 
L=k:P,P, -k,(PP:+yP:,+(xP,P,)+BP,(ctP, +yP,), 
M=k:P,P,-k,(PP:+yP~+ctP,P,)+PP,(~P, +yP,), 
N=2k,k,P,P,-(k,+k,)C(aP,+yP,,)P,+BP:I+2(crP,+liPo)BP,, 
P = (k, f’o - BP, j2, 
Q = (kz Pa - b’f’, I27 
R=2[-fi2P:+(k,+k&?PoP,-k,k2P;]. 
Using these first correction terms, an approximate solution to (3.3) is 
(3.11) 
In terms of the original prey and predator populations n,(t) and n,(t), the 
approximate solutions are 
n,(r)=2+ k,Po-Lb, (‘2 k, -k, +A, exp(k,r) 1 
-[ 
k2po--13p, 
k, --k? -Al exp(k2t)+A,exp(2k,r)+A,exp(2k,t) 1 
+ A, evC(k, +k,) [I, (3.12a) 
u,c,-h,az + k,p,-v-w, - n,(t) = 
ClC2 [ k, -k, 
+ B, exp(k, t) 
I 
(kzp, -apI -i’po 
(k, -k2) 
- B2 1 exp(k,r) + B, exp(2k, t) + B, exp(2k,t) 
+ 4 expC(k, + kd tl (3.12b) 
put h, =0 (then cc=O, y=u,c,/c,, k, = JG and k2 = -J’z) in 
(3.12a) and (3.12b) then we get an approximate analytical solutions of 
usual Lotka-Volterra Eq. (1.2 are of the form 
n,(t)==~+ 
(k, pa-Pp,) 
k,-k, 
+A, exp(k,f) 
c 2 I 
- A2 1 exp(k,t) + A, exp(2k, t) + A, exp(2k,t) 
+ A5 evC(k, +k2) fl 
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&(I)=?+ I L (~lPI-r/r,)-;~Pd+B k, -A, exp(k j) I (k,P, -apI -i’po) k, -k, -B, 1 ev(k,t) + B, exp(2k, t) 
+ B,exp(2k,r)+ B,exp[(k, +k,) t]. 
where A, and B, (i= 1, 2,..., 5) are the constants obtained by taking h, =O 
in A, and B, of (3.12a) and (3.12b). 
Here it is shown that the solutions of the usual Lotka-Volterra 
equations (1.2) become a particular case of the general Lotka-Volterra 
equations (1.1). Because of the additional correction terms, the above 
solutions can be expected to be more accurate and be valid for larger 
deviations from the equilibrium point. The accuracy of the solution by per- 
turbation method can be improved further by determining the 2nd- and 
higher-order correction terms. 
4. CONCLUSIONS 
Approximate analytical solutions of the general Lotka-Volterra 
equations have been determined using perturbation method. These 
represent an improvement over purely linearized solutions reported earlier 
in the literature. The perturbation method can be applied to other non- 
linear mathematical models of the population dynamics. 
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